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Abstract
We propose a new class of algebraic structure named as (m,n)-
semihyperring which is a generalization of usual semihyperring. We de-
fine the basic properties of (m,n)-semihyperring like identity elements,
weak distributive (m,n)-semihyperring, zero sum free, additively idem-
potent, hyperideals, homomorphism, inclusion homomorphism, con-
gruence relation, quotient (m,n)-semihyperring etc. We propose some
lemmas and theorems on homomorphism, congruence relation, quo-
tient (m,n)-semihyperring, etc and prove these theorems. We further
extend it to introduce the relationship between fuzzy sets and (m,n)-
semihyperrings and propose fuzzy hyperideals and homomorphism the-
orems on fuzzy (m,n)-semihyperrings and the relationship between
fuzzy (m,n)-semihyperrings and the usual (m,n)-semihyperrings.
Keywords: (m,n)-semihyperring, hyperoperation, hyperideal, homo-
morphism, congruence relation, fuzzy (m,n)-semihyperring, fuzzy hyperide-
als
1 Introduction
A semihyperring is essentially a semiring in which addition is a hyperopera-
tion [8]. Semihyperring is in active research for a long time. Vougiouklis [17]
generalize the concept of hyperring (R,⊕,⊙) by dropping the reproduction
axiom where ⊕ and ⊙ are associative hyper operations and ⊙ distributes
over ⊕ and named it as semihyperring. Chaopraknoi, Hobuntud and Pi-
anskool [1] studied semihyperring with zero. Davvaz and Poursalavati [30]
introduced the matrix representation of polygroups over hyperring and also
∗
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over semihyperring. Semihyperring and its ideals are studied by Ameri and
Hedayati [18].
Zadeh [26] introduced the notion of a fuzzy set that is used to formu-
late some of the basic concepts of algebra. It is extended to fuzzy hyper-
structures, now a days fuzzy hyperstructure is a fascinating research area.
Davvaz introduced the notion of fuzzy subhypergroups in [30], Ameri and
Nozari [28] introduced fuzzy regular relations and fuzzy strongly regular
relations of fuzzy hyperalgebras and also established a connection between
fuzzy hyperalgebras and algebras. Fuzzy subhypergroup is also studied by
Cristea [29]. Fuzzy hyperideals of semihyperrings are studied by [8, 13, 16].
The generalization of Krasner hyperring is introduced by Mirvakili and
Davvaz [23] that is named as Krasner (m,n) hyperring. In [19] Davvaz
studied the fuzzy hyperideals of the Krasner (m,n)-hyperring. Generaliza-
tion of hyperstructures are also studied by [2, 8, 20, 21].
In this paper, we introduce the notion of the generalization of usual
semihyperring and called it as (m,n)-semihyperring and set fourth some
of its properties, we also introduce fuzzy (m,n)-semihyperring and its ba-
sic properties and the relation between fuzzy (m,n)-semihyperring and its
associated (m,n)-semihyperring.
The paper is arranged in the following fashion:
Section 2 describes the notations used and the general conventions fol-
lowed. Section 3 deals with the definitions of (m,n)-semihyperring, weak
distributive (m,n)-semihyperring, hyperadditive and multiplicative identity
elements, zero, zero sum free, additively idempotent and some examples of
(m,n)-semihyperrings.
Section 4 describes the properties of (m,n)-semihyperring. This section
deals with the definitions of hyperideals, homomorphism, congruence rela-
tion, quotient of (m,n)-semihyperring and also the theorems based on these
definitions.
Section 5 deals with the fuzzy (m,n)-semihyperrings, fuzzy hyperideals
and homomorphism theorems on (m,n)-semihyperrings and fuzzy (m,n)-
semihyperrings.
2 Preliminaries
Let H be a non-empty set and P∗(H) be the set of all non-empty subsets
of H. A hyperoperation on H is a map σ : H×H→ P∗(H) and the couple
(H, σ) is called a hypergroupoid. If A and B are non-empty subsets of H,
then we denote AσB =
⋃
a∈A,b∈B
aσb, xσA= {x}σA and Aσx= Aσ{x}.
Let H be a non-empty set, P∗ be the set of all non-empty subsets of H
and a mapping f : Hm → P∗(H) is called an m-ary hyperoperation and m
is called the arity of hyperoperation [2].
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A hypergroupoid (H, σ) is called a semihypergroup if for all x, y, z ∈ H
we have (xσy)σz = xσ(yσz) which means that⋃
u∈xσy
uσz =
⋃
v∈yσz
xσv.
Let f be an m-ary hyperoperation on H and A1, A2, . . . Am subsets of
H. We define
f(A1, A2, . . . , Am) =
⋃
xi∈Ai
f(x1, x2, . . . , xm)
for all 1 ≤ i ≤ m.
Definition 2.1. (H,⊕,⊗) is a semihyperring which satisfies the following
axioms:
(i) (H,⊕) is a semihypergroup
(ii) (H,⊗) is a semigroup and
(iii) ⊗ distributes over ⊕
x⊗ (y ⊕ z) = (x⊗ y)⊕ (x⊗ z) and
(y ⊕ z)⊗ x = (y ⊗ x)⊕ (z ⊗ x) for all x, y, z ∈ H [1].
Example 2.2. Let (H,+,×) be a semiring, we define
(i) x⊕ y =< x, y >
(ii) x⊗ y = x× y
Then (H,⊕,⊗) is a semihyperring.
An element 0 of a semihyperring (H,⊕,⊗) is called a zero of (H,⊕,⊗)
if x⊕ 0 = 0⊕ x = {x} and x⊗ 0 = 0⊗ x = 0 [1].
The set of integers is denoted by Z, with Z+ and Z− denoting the sets
of positive integers and negative integers respectively. Elements of the set
H are denoted by xi, yi where i ∈ Z+.
We use following general convention as followed by [5, 12, 3, 13]:
The sequence xi, xi+1, . . . , xm is denoted by x
m
i .
The following term:
f(x1, . . . , xi, yi+1, . . . , yj, zj+1, . . . , zm) (1)
is represented as:
f(xi1, y
j
i+1, z
m
j+1) (2)
In the case when yi+1 = . . . = yj = y, then (2) is expressed as:
f(xi1,
(j−i)
y , zmj+1)
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Definition 2.3. A non-empty set H with an m-ary hyperoperation f :
Hm → P∗(H) is called an m-ary hypergroupoid and is denoted as (H, f).
An m-ary hypergroupoid (H, f) is called an m-ary semihypergroup if and
only if the following associative axiom holds :
f(xi1, f(x
m+i−1
i ), x
2m−1
m+i ) = f(x
j
1, f(x
m+j−1
j ), x
2m−1
m+j )
for all i, j ∈ {1, 2, . . . ,m} and x1, x2, . . . , x2m−1 ∈ H [2].
Definition 2.4. Element e is called identity element of hypergroup (H, f)
if
x ∈ f(e, . . . , e︸ ︷︷ ︸
i−1
, x, e, . . . , e︸ ︷︷ ︸
n−i
)
for all x ∈ H and 1 ≤ i ≤ n [2].
Definition 2.5. A non empty set H with an n-ary operation g is called an
n-ary groupoid and is denoted by (H,g) [3].
Definition 2.6. An n-ary groupoid (H, g) is called an n-ary semigroup if g
is associative, i.e.,
g(xi1, g(x
n+i−1
i ), x
2n−1
n+i ) = g(x
j
1, g(x
n+j−1
j ), x
2n−1
n+j )
for all i, j ∈ {1, 2, . . . , n} and x1, x2, . . . , x2n−1 ∈ H [3].
3 Definitions and Examples of (m, n)-Semihyperring
Definition 3.1. (H, f, g) is an (m,n)-semihyperring which satisfies the fol-
lowing axioms:
(i) (H, f) is a m-ary semihypergroup
(ii) (H, g) is an n-ary semigroup and
(iii) g is distributive over f i.e.,
g(xi−11 , f(a
m
1 ), x
n
i+1)= f(g(x
i−1
1 , a1, x
n
i+1), . . . , g(x
i−1
1 , am, x
n
i+1)).
Remark 3.2. An (m,n)-semihyperring is called weak distributive if it sat-
isfies Definition 3.1 (i), (ii) and the following:
g(xi−11 , f(a
m
1 ), x
n
i+1) ⊆ f(g(x
i−1
1 , a1, x
n
i+1), . . . , g(x
i−1
1 , am, x
n
i+1)).
Remark 3.2 is generalization of [4].
Example 3.3. Let Z be the set of all integers. Let the binary hyperopera-
tion ⊕ and an n-ary operation g on Z which are defined as follows:
x1 ⊕ x2 = {x1, x2} and
g(x1, x2, . . . , xn) =
∏n
i=1 xi.
Then (Z,⊕, g) is called a (2, n)-semihyperring.
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Example 3.3 is generalization of Example 1 of [8].
Definition 3.4. Let e be the hyper additive identity element of hyperoper-
ation f and e′ be multiplicative identity element of operation g then
x ∈ f(e, . . . , e︸ ︷︷ ︸
i−1
, x, e, . . . , e︸ ︷︷ ︸
m−i
)
for all x ∈ H and 1 ≤ i ≤ m and
y = g(e′, . . . , e′︸ ︷︷ ︸
j−1
, y, e′, . . . , e′︸ ︷︷ ︸
n−j
)
for all y ∈ H and 1 ≤ j ≤ n.
Definition 3.5. An element 0 of an (m,n)-semihyperring (H, f, g) is called
a zero of (H, f, g) if
f(0, . . . ,0︸ ︷︷ ︸
m−1
, x) = f(x,0, . . . ,0︸ ︷︷ ︸
m−1
) = x
for all x ∈ H.
g(0, . . . ,0︸ ︷︷ ︸
n−1
, y) = g(y,0, . . . ,0︸ ︷︷ ︸
n−1
) = 0
for all y ∈ H.
Remark 3.6. Let (H, f, g) be an (m,n)-semihyperring and e and e′ be hyper
additive identity and multiplicative identity elements respectively, then we
can obtain the additive hyper operation and multiplication as follows:
〈x, y〉 = f(x, e, . . . , e︸ ︷︷ ︸
m−2
, y)
and x× y = g(x, e′, . . . , e′︸ ︷︷ ︸
n−2
, y) for all x, y ∈ H.
Definition 3.7. Let (H, f, g) be an (m,n)-semihyperring.
(i) (m,n)-semihyperring (H, f, g) is called zero sum free if and only if
0 ∈ f(x1, x2, . . . , xm) implies x1 = x2 =, . . . ,= xm = 0.
(ii) (m,n)-semihyperring (H, f, g) is called additively idempotent if (H, f)
be a m-ary semihypergroup, i.e. if f(x, x, . . . , x) ∈ x.
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4 Properties of (m, n)-Semihyperring
Definition 4.1. Let (H, f, g) be an (m,n)-semihyperring.
(i) Anm-ary sub-semihypergroupR ofH is called an (m,n)-sub-semihyperring
of H if g(an1 ) ∈ R, for all a1, a2, . . . , an ∈ R.
(ii) An m-ary sub-semihypergroup I of H is called
(a) a left hyperideal of H if g(an−11 , i) ∈ I,∀a1, a2, . . . , an−1 ∈ H and
i ∈ I.
(b) a right hyperideal of H if g(i, an−11 ) ∈ I,∀a1, a2, . . . , an−1 ∈ H
and i ∈ I.
If I is both left and right hyperideal then it is called as an hyper-
ideal of H.
(c) a left hyperideal I of an (m,n)-semihyperring of H is called weak
left hyperideal of H if for i ∈ I and x1, x2, . . . , xm−1 ∈ H then
f(i, xm−11 ) ⊆ I or f(x
m−1
1 , i) ⊆ I implies x1, x2, . . . , xm−1 ∈ I.
Definition 4.1 is generalization of [24].
Proposition 4.2. A left hyperideal of an (m,n)-semihyperring is an (m,n)-
sub-semihyperring.
Definition 4.3. Let (H, f, g) and (S, f ′, g′) be two (m,n)-semihyperrings.
The mapping σ : H → S is called a homomorphism if following condition is
satisfied for all x1, x2, . . . , xm, y1, y2, . . . , yn ∈ H.
σ(f(x1, x2, . . . , xm)) = f
′(σ(x1), σ(x2), . . . , σ(xm))
and
σ(g(y1, y2, . . . , yn)) = g
′(σ(y1), σ(y2), . . . , σ(yn)).
Remark 4.4. Let (H, f, g) and (S, f ′, g′) be two (m,n)-semihyperrings.
The mapping σ : H → S for all x1, x2, . . . , xm, y1, y2, . . . , yn ∈ H is called
an inclusion homomorphism if following relations hold:
σ(f(x1, x2, . . . , xm)) ⊆ f
′(σ(x1), σ(x2), . . . , σ(xm))
and
σ(g(y1, y2, . . . , yn)) ⊆ g
′(σ(y1), σ(y2), . . . , σ(yn))
Remark 4.4 is generalization of [30].
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Theorem 4.5. Let (R, f, g), (S, f ′, g′) and (T , f ′′, g′′) be (m,n)-semihyperrings.
If mappings σ : (R, f, g) −→ (S, f ′, g′) and δ : (S, f ′, g′) −→ (T, f ′′, g′′) are
homomorphisms, then σ ◦ δ : (R, f, g) −→ (T, f ′′, g′′) is also a homomor-
phism.
Proof. Omitted as obvious.
Definition 4.6. Let∼= be an equivalence relation on the (m,n)-semihyperring
(H, f, g) and Ai and Bi be the subsets of H for all 1 ≤ i ≤ m. We define
Ai ∼= Bi for all ai ∈ Ai there exists b
′
i ∈ Bi such that ai
∼= b′i holds true and
for all bi ∈ Bi there exists a
′
i ∈ Ai such that a
′
i
∼= bi holds true [14].
An equivalence relation ∼= is called a congruence relation onH if following
hold:
(a) for all a1, a2, . . . , am, b1, b2, . . . , bm ∈ H; if {ai} ∼= {bi} then {f(a
m
1 )}
∼=
{f(bm1 )}, where 1 ≤ i ≤ m and,
(b) for all x1, x2, . . . , xn, y1, y2, . . . , yn ∈ H; if xj ∼= yj then g(x
n
1 )
∼= g(yn1 ),
where 1 ≤ j ≤ n [9].
Lemma 4.7. Let (H, f, g) be an (m,n)-semihyperring and ∼= be the con-
gruence relation on H then
(i) if {x} ∼= {y} then
{f(x, am−11 )}
∼= {f(y, am−11 )}
for all x, y, a1, a2, . . . , am ∈ H
(ii) if x ∼= y then following holds:
g(ai−11 , x, a
n
i+1)
∼= g(ai−11 , y, a
n
i+1)
for all x, y, a1, a2, . . . , an ∈ H
Theorem 4.8. Let (H, f, g) be an (m,n)-semihyperring and ∼= be the
congruence relation on H. Then if {ai} ∼= {bi} and {xj} ∼= {yj} for all
ai, bi, xj , yj ∈ H and i, j ∈ {1,m} then the following is obtained:
for all 1 ≤ k ≤ m
{f(ak1 , x
m
k+1)}
∼= {f(bk1 , y
m
k+1)}
Proof. Can be proved similar to Lemma 4.7.
Definition 4.9. Let ∼= be a congruence on H. Then the quotient of H
by ∼=, written as H/ ∼=, is the algebra whose universe is H/ ∼= and whose
fundamental operation satisfy
fH/
∼=(x1, x2, . . . , xm) = f
H(x1, x2, . . . , xm)/ ∼=
where x1, x2, . . . , xm ∈ H [9].
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Theorem 4.10. Let (H, f, g) be an (m,n)-semihyperring and ∼= be the
equivalence relation and strongly regular on H then (H/ ∼=, f, g) is also an
(m,n)-semihyperring.
Definition 4.11. Let (H, f, g) be an (m,n)-semihyperring and ∼= be the
congruence relation. The natural map v∼= : H −→ H/ ∼= is defined by
v∼=(ai) = ai/ ∼= and v∼=(bj) = bj/ ∼= where ai, bj ∈ H for all 1 ≤ i ≤ m,
1 ≤ j ≤ n.
Theorem 4.12. Let ρ and σ be two congruence relations on (m,n)-semihyperring
(H, f, g) such that ρ ⊆ σ. Then σ/ρ = {(ρ(x), ρ(y)) ∈ H/ρ×H/ρ : (x, y) ∈
σ} is a congruence on H/ρ and (H/ρ)upslope(σ/ρ) ∼= H/σ.
Proof. Similar to [15], we can deduce that σ/ρ is an equivalence relation
on H/ρ. Suppose (aiρ)(σ/ρ)(biρ) for all 1 ≤ i ≤ m and (cjρ)(σ/ρ)(djρ)
for all 1 ≤ j ≤ n. Since σ is congruence on H therefore f(am1 )σf(b
m
1 )
and g(cn1 )σg(d
n
1 ) which implies f(a
m
1 )ρ(σ/ρ)f(b
m
1 )ρ and g(c
n
1 )ρ(σ/ρ)g(d
n
1 )ρ
respectively, therefore σ/ρ is a congruence on H/ρ.
Theorem 4.13. The natural map from an (m,n)-semihyperring (H, f, g)
to the quotient (H/ ∼=, f, g) of the (m,n)-semihyperring is an onto homo-
morphism.
Definition 4.11 and Theorem 4.13 is generalization of [9].
Proof. let ∼= be the congruence relation on (m,n)-semihyperring (H, f, g)
and the natural map be v∼= : H −→ H/ ∼=. For all ai ∈ H, where 1 ≤ i ≤ m
following holds true:
v∼=f
H(a1, a2, . . . , am) = f
H(a1, a2, . . . , am)/∼=
= fH/
∼=(a1/ ∼=, a2/ ∼=, . . . , am/ ∼=)
= fH/
∼=(v∼=a1, v∼=a2, . . . , v∼=am)
In a similar fashion we can deduce for g, for all bj ∈ H, where 1 ≤ j ≤ n:
v∼=g
H(b1, b2, . . . , bn) = g
H(b1, b2, . . . , bn)/∼=
= gH/
∼=(b1/∼=, b2/∼=, . . . , bn/∼=)
= gH/
∼=(v∼=b1, v∼=b2, . . . , v∼=bn)
So v∼= is onto homomorphism.
Proof is similar to [9].
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5 Fuzzy (m, n)-Semihyperring
Let R be a non-empty set. Then
(i) A fuzzy subset of R is a function µ : R −→ [0, 1];
(ii) For a fuzzy subset µ of R and t ∈ [0, 1], the set µt = {x ∈ R | µ(x) ≥ t}
is called the level subset of µ [19, 26, 27, 8].
Definition 5.1. A fuzzy subset µ of an (m,n)-semihyperring (H, f, g) is
called a fuzzy (m,n)-sub-semihyperring of H if following hold true:
(i) min{µ(x1), µ(x2), . . . , µ(xm)} ≤ infz∈f(x1,x2,...,xm)µ(z),
for all x1, x2, . . . , xm ∈ H
(ii) min{µ(x1), µ(x2), . . . , µ(xn)} ≤ µ(g(x1, x2, . . . , xn)),
for all x1, x2, . . . , xn ∈ H.
Definition 5.2. A fuzzy subset µ of an (m,n)-semihyperring (H, f, g) is
called a fuzzy hyperideal of H if the following hold true:
(i) min{µ(x1), µ(x2), . . . , µ(xm)} ≤ infz∈f(x1,x2,...,xm)µ(z),
for all x1, x2, . . . , xm ∈ H,
(ii) µ(x1) ≤ µ(g(x1, x2, . . . , xn)), for all x1, x2, . . . , xn ∈ H,
(iii) µ(x2) ≤ µ(g(x1, x2, . . . , xn)), for all x1, x2, . . . , xn ∈ H,
...
(iv) µ(xn) ≤ µ(g(x1, x2, . . . , xn)), for all x1, x2, . . . , xn ∈ H.
Theorem 5.3. A fuzzy subset µ of an (m,n)-semihyperring (H, f, g) is a
fuzzy hyperideal if and only if every non-empty level subset is a hyperideal
of H.
Proof. Suppose subset µ is a fuzzy hyperideal of (m,n)-semihyperring (H, f, g)
and µt is a level subset of µ.
If x1, x2, . . . , xm ∈ µt for some t ∈ [0, 1] then from the definition of level
set, we can deduce the following:
µ(x1) ≥ t, µ(x2) ≥ t, . . . , µ(xm) ≥ t.
Thus, we say that:
min{µ(x1), µ(x2), . . . , µ(xm)} ≥ t
Thus:
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infz∈f(x1,x2,...,xm)µ(z) ≥ min{µ(x1), µ(x2), . . . , µ(xm)} ≥ t.
So, we get the following:
µ(z) ≥ t, for all z ∈ f(x1, x2, . . . , xm).
Therefore, f(x1, x2, . . . , xm) ⊆ µt.
Again, suppose that x1, x2, . . . , xn ∈ H and xi ∈ µt, where 1 ≤ i ≤ n.
Then, we find that µ(xi) ≥ t.
So, we obtain the following:
t ≤ µxi ≤ µ(g(x1, x2, . . . , xn)) −→ g(x
i−1
1 , µt, x
n
i+1) ⊆ µt
Thus, we find that µt is a hyperideal of H.
On the other hand, suppose that every non-empty level subset µt is a
hyperideal of H is a hyperideal of H.
Let t0 = min{ µx1, µx2 , . . . , µxn}, for all x1, x2, . . . , xn ∈ H.
Then, we obtain the following:
µ(x1) ≥ t0, µ(x2) ≥ t0, . . . , µ(xn) ≥ t0
Thus,
x1, x2, . . . , xn ∈ µt0
We can also obtain that:
f(x1, x2, . . . , xm) ⊆ µt0 .
Thus,
min{µ(x1), µ(x2), . . . , µ(xm)} = t0 ≤ infz∈f(x1,x2,...,xm)µ(z).
Again, suppose that µ(x1) = t1. Then x ∈ µt1 .
So, we obtain:
g(x1, x2, . . . , xn) ∈ µt1 −→ t1 ≤ µ(g(x1, x2, . . . , xn))
Thus, µ(x1) ≤ µ(g(x1, x2, . . . , xn)).
Similarly, we obtain µ(xi) ≤ µ(g(x1, x2, . . . , xn)), for all i ∈ {1, n}.
Thus, we can check all the conditions of the definition of fuzzy hyperideal.
This proof is a generalization of [8].
Theorem 5.3 is a generalization of [25, 16, 8].
Jun, Ozturk and Song [22] have proposed a similar theorem on hemiring.
Theorem 5.4. Let I be a non-empty subset of an (m,n)-semihyperring
(H, f, g). Let µI be a fuzzy set defined as follows:
µI(x) =
{
s if x ∈ I,
t otherwise,
where 0 ≤ t < s ≤ 1. Then µI is a fuzzy left hyper ideal of H if and only
if I is a left hyper ideal of H.
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Following Corollary 5.5 is generalization of [8].
Corollary 5.5. Let µ be a fuzzy set and its upper bound be t0 of an (m,n)-
semihyperring (H, f, g). Then the following are equivalent:
(i) µ is a fuzzy hyperideal of H.
(ii) Every non-empty level subset of µ is a hyperideal of H.
(iii) Every level subset µt is a hyperideal of H where t ∈ [0, t0].
Definition 5.6. Let (R, f ′, g′) and (S, f ′′, g′′) be fuzzy (m,n)-semihyperrings
and ϕ be a map from R into S. Then ϕ is called homomorphism of fuzzy
(m,n)-semihyperrings if following hold true:
ϕ(f ′(x1, x2, . . . , xm)) ≤ f
′′(ϕ(x1), ϕ(x2), . . . , ϕ(xm))
and
ϕ(g′(y1, y2, . . . , yn)) ≤ g
′′(ϕ(y1), ϕ(y2), . . . , ϕ(yn))
for all x1, x2, . . . , xm, y1, y2, . . . , yn ∈ R.
Theorem 5.7. Let (R, µf ′ , µg′) and (S, µf ′′ , µg′′) be two fuzzy (m,n)-semihyperrings
and (R, f ′, g′) and (S, f ′′, g′′) be associated (m,n)-semihyperring. If ϕ :
R −→ S is a homomorphism of fuzzy (m,n)-semihyperrings, then ϕ is ho-
momorphism of the associated (m,n)-semihyperrings also.
Definition 5.6 and Theorem 5.7 are similar to the one proposed by
Leoreanu-Fotea [21] on fuzzy (m,n)-ary hyperrings and (m,n)-ary hyper-
rings and Ameri and Nozari [28] proposed a similar Definition and Theorem
on hyperalgebras.
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